
Advances and Applications in Mechanical Engineering and Technology 
Volume 2, Number 1/2, 2010, Pages 59-71 

Keywords and phrases: one-dimensional Laplace transform, partial fractional differential 
equations, heat equations, wave equation. 

Received July 19, 2010 

 2010 Scientific Advances Publishers 

SOLUTION TO TIME FRACTIONAL HEAT-EQUATION 
USING ONE-DIMENSIONAL LAPLACE  

TRANSFORMS   

A. AGHILI and M. GHOLAMI 

Department of Mathematics 
University of Guilan  
P. O. Box 1841, Rasht 
Iran 
e-mail: arman.aghili@gmail.com 

Abstract 

In this work, authors present a new theorem and corollary on multi-dimensional 
Laplace transformations. They also develop some applications based on this 
results. The one-dimensional Laplace transformation is useful to obtain the 
solution of partial fractional differential equations. 

1. Introduction and Notation 

Engineering and other areas of sciences can be successfully modelled 
by the use of fractional derivatives. That is because of the fact that, a 
realistic modelling of a physical phenomenon having dependence not only 
at the time instant, but also the previous time history can be successfully 
achieved by using fractional calculus. Fractional differential equations 
arise in unification of diffusion and wave propagation phenomenon. The 
time fractional heat equation, which is a mathematical model of a wide 
range of important physical phenomena, is a partial differential equation 
obtained from the classical heat equation by replacing the first time 
derivative by a fractional derivative of order .10, ≤α<α  
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In the next part of this section, we consider the time fractional heat 
equation (time fractional in the-Caputo sense). 

In this section, we consider methods and results for the partial 
fractional diffusion equation, which arise in applications. Several 
methods have been introduced to solve fractional differential equations, 
the popular Laplace transform method, [1], [2], [3], [11], the Fourier 
transform method [10], the iteration method [17], and the operational 
method [10]. However, most of these methods are suitable for special 
types of fractional differential equations, mainly the linear with constant 
coefficients. More detailed information about some of these results can be 
found in a survey paper by Kilbas and Trujillo [9]. Atanackovic and 
Stankovic [4, 5] used the Laplace transform in a certain space of 
distributions to solve a system of partial differential equations with 
fractional derivatives, and indicated that such a system may serve as a 
certain model far a viscoelastic rod. Oldham and Spanier [12] and [13], 
respectively, by reducing a boundary value problem involving Fick’s 
second low in electroanalytic chemistry to a formulation based on the 
partial Riemann-Liouville fractional with half derivative. Oldham and 
Spanier [13] gave other application of such equations for diffusion 
problems. Wyss [20] and Schneider [18] considered the time fractional 
diffusion and wave equations, and obtained the solution in terms of Fox 
functions. 

2. Solution to Non-Homogeneous Partial Fractional  
Differential Equation (Heat Equation) 

( ) ( ) ,
02

2
kudgtf

x
uauD

x
t

c −λλ++
∂

∂= ∫α  (1.1) 

where λ<<> ,,0,0 alxt  are constants. The boundary conditions are 

( ) ( ) ( ) .0,,0,0,00, === tlutuxu  

Solution. 

( ) ( ) .10,
02

2
≤α<λλ+=+

∂

∂− ∫α dgtfku
x

uauD
x

t
c  



SOLUTION TO TIME FRACTIONAL HEAT-EQUATION … 61

Taking one dimensional Laplace transform of both sides of the Equation 

(1.1) with respect to t (with assumption that 2
1=α ) [15]. We have: 
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We obtain 
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By using the boundary conditions, one gets the unknown constants 21, cc  
as follows: 
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Therefore, relation (1.3) has the following form: 
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We may rewrite (1.4) as follows: 
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At this point, we take inverse Laplace transform of (1.5) term wise. At 

first, evaluating the inverse Laplace transform of the term ,1
ks +
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By using relation (1.6), we obtain: 
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If the first term on the left side of (1.5) is called ( ),1 sH  then one has, 
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and we also set ( )sP1  in the following form: 
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By replacing s  by s, we have: 
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Now, upon using residue theorem, we may find the inverse Laplace 
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Let us calculate residue at ,0=s  that is, 
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If we replace x by ( )xl −  in (1.10), then: 
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Using the following formula, we arrive at the inverse Laplace transform 
of ( ).1 sH  

( ) ( ) ( ) νν






 ν−
π

=






= ∫

∞
− dptt

sP
s

Lth 1
2

0
1

1
1 4exp11  

  (
( )

) dxt
x

tla
k

tla
k

la
k

ta
k









−

π
×

−
−−= ∫

∞

4exp1

sinh

sinh

sinh

sinh
1

2

0
 

 (( ) )
( )amkl
m

t
a m

m 2220
114

π+

+−
π
π− ∑∞

=
 

 dxtl
met

x x
l

amkx





 π









−×

π−−∞

∫ sin4exp 2

22
2

0
 

(
( )

) dxt
x

tla
k

tla
k

la
k

ta
k









−

π
×

−
−−= ∫

∞

4exp1

sinh

sinh

sinh

sinh
1

2

0
 

(( ) )
( )amkl
m

ta
m

m 2220
114

π+

+−π− ∑∞

=
 

 
( ( ) ) ( )

,sin
2

2

222
2

22

2
0

dxetl
m t

l
amkt

l
amk

t
x π++π++−∞

∫

 π×  



A. AGHILI and M. GHOLAMI 66

in the first integral, if we set u
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Similarly, we get ( )th2  as follows: 
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we obtain ( )th3  by similar method of calculation, 
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3. Conclusion 

The paper is devoted to study and application of one-dimensional 
Laplace transform. The one-dimensional Laplace transform provides 
powerful method for analyzing linear systems. The main purpose of this 
work is to develop a method for finding analytic solution of the time 
fractional heat equation. 

References 

 [1] A. Aghili and B. Salkhordeh Moghaddam, Laplace transform pairs of n-dimensions 
and a wave equation, Inter. Math. Journal 5(4) (2004), 377-382. 

 [2] A. Aghili and B. Salkhordeh Moghaddam, Multi-dimensional Laplace transform and 
systems of partial differential equations, Inter. Math. Journal 1(6) (2006), 21-24.  

 [3] A. Aghili and B. Salkhordeh Moghaddam, Laplace transform pairs of N-dimensions 
and second order linear differential equations with constant coefficients, Annales 
Mathematicae et Informaticae 35 (2008), 3-10. 

 [4] T. M. Atanackovic and B. Stankovic, Dynamics of a viscoelastic rod of fractional 
derivative type, Z. Angew. Math. Mech. 82(6) (2002), 377-386. 

 [5] T. M. Atanackovic and B. Stankovic, On a system of differential equations with 
fractional derivatives arising in rod theory, Journal of Physics A: Mathematical and 
General 37(4) (2004), 1241-1250. 

 [6] R. S. Dahiya and J. Saberi-Nadjafi, Theorems on N-dimensional Laplace transforms 
and their applications, 15th Annual Conference of Applied Mathematics, Univ. of 
Central Oklahoma, Electronic Journal of Differential Equations, Conference 02 
(1999), 61-74. 



SOLUTION TO TIME FRACTIONAL HEAT-EQUATION … 71

 [7] R. S. Dahiya and M. Vinayagamoorthy, Laplace transfom pairs of n-dimensions and 
heat conduction problem, Math. Comput. Modelling  13(10), 35-50. 

 [8] V. A. Ditkin and A. P. Prudnikov, Operational Calculus in Two Variables and its 
Applications, Pergamon Press, New York, 1962. 

 [9] A. A. Kilbas and J. J. Trujillo, Differential equation of fractional order: Methods, 
results and problems, II, Appl. Anal. 81(2) (2002), 435-493. 

 [10] Y. Luchko and H. Srivastava, The exact solution of certain differential equations of 
fractional order by using operational calculus, Comput. Math. Appl. 29 (1995),       
73-85. 

 [11] S. Miller and B. Ross, An Introduction to Fractional Differential Equations, Wiley, 
New York. 

 [12] K. B. Oldham and J. Spanier, The Fractional Calculus, Academic Press, New York, 
1974. 

 [13] K. B. Oldham and J. Spanier, Fractional calculus and its applications, Bull. Inst. 
Politehn. Iasi. Sec. I 24(28)(3-4) (1978), 29-34. 

 [14] I. Podlubny, The Laplace Transform Method for Linear Differential Equations of 
Fractional Order, Slovac Academy of Sciences, Slovak Republic, 1994. 

 [15] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, CA, 
1999. 

 [16] G. E. Roberts and H. Kaufman, Table of Laplace Transforms, W. B. Saunders Co., 
Philadelphia, 1966. 

 [17] G. Samko, A. Kilbas and O. Marchiev, Fractional Integrals and Derivatives: Theory 
and Applications, Gordon and Breach, Amesterdam, 1993. 

 [18] W. Schneider and W. Wyss, Fractional diffusion and wave equations, J. Math. Phys. 
30 (1989), 134-144. 

 [19] B. Stankovic, A system of partial differential equations with fractional derivatives, 
Math. Vesnik, 3-4(54) (2002), 187-194. 

 [20] W. Wyss, The fractional diffusion equation, J. Math. Phys. 27(11) (1986), 2782-2785. 

g 


